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VIBRATION ANALYSIS OF woRGIDAL SHELLL OF CIRCULAR CROSC SICTIVE
9

(%

2ladm B. Kordes
ARCTRACT

The proolew treated is the free-frec ibration of a thin
toroidel shell of civculsy oross section snd unifora thickaess. The
_overniug equations of equilivrium ere derl.eG on the vanic of Leve's
first approxtmation in termt of orthoonel curvilinear coosuinnltos s
the middle swface. The strein gilsplecament e curn ature displaceusn.
reintlons are ased to show the apparent gryalne producea vy small rild
sody aispiscewments snd rotavions. The apparent sireins result froa
the basiz assupgtions of ILove's flrst approximetlon and sre not
particuiar to the toroidel shell., The equilibriom egquaii- ng wre
shown to reduce o Love's firsy approxizevion egantione Ior clr.uler
cylinders of constant thicknes:n. Miis reductlon is scoonplished Ly
ali win the major generatin rrdlus of the middle curface of the
teroldsl shell to epproach iafiniity.

e equllibfiu:a eque.bions £ the froe-free vioratia of Lher Cfopions
Loroadal shell vibratin, In vaow with no intemal pressure ace prenenbed
for cimple harmonic motion with all three componenis of lhe dnerils
foreon, The equilibrium equatlong ore shown tu poduae oo 8 seb of
oréinary differential equations if the motion 1s assmmdlm LC CoEpesel
of .ouplete waves in the form of trigononetric functions in the

direciinon of prin ipal curvature, and arbitrary functions in vhe alreci.m



of minlmun cuarvature. The resulting equatlons arve lineer differencie
equations with variesle coneffictents. Although the ceneral closed-
forn scluti-ns to these equatluns were noi found, 11 is e.ident thou
the displaceuwent functious wst be continnous periodi. fun.btioas with
condLimous peciodic deri.etives of the senme period. SThus the solutions
of the cquilibrima equetious are cxpressed in Leimo of cogplete Pourlor
series. The serles coefficiuntc thet eatisf, t.e sorerning eganbions
were determined by the well-known Galerkin Procedure. the resulting
sclutions showed that tie vlbrutions of the toroidal shell are
sharncterized Uy symseuwrical und cnvigymactrical pertc, and thet the
podes and frequencies of ..';bratian are dependent on two shell puramCicrs
and the number of cumplete wavecs in the direction of principal
carveture. One of the ghell purameters is the ratio of the radius of
Ue . rogs sectlon tc the rodius frow the axds of cevoluvion W the
enter of the cross section, amd the other paramtier lo ihe ratio of
the shell thi kness to the radius of the cross acction.

i ovder Lo show grephically the nature of the naturnl mdes of
Jivepticn of the toroidal shell, mumericol caleulations were made for
the lowest three modes f symaetricsl «ibration for several values of
{lie shell persaeters. These caloulations were made uoin. ten terms of
eacih dlsplacement series. The results of the caloulaticus were uged
16 show the effects of the shell parameters on the ndes and froguen.y,
and 0 the rete of conver, ence of the series reprecenvin, the three ‘
compunents of displacement. IL was found that wven terms of each series

cre not sufflcient to lunsave adeguate conver &nce of e mxloe shapes Lor



all values of the shell peramcters. Cogparison of the results for the
Lwest three modes of vicration indicates thet the wnture of the vioration
18 not e sensitive to verlations in the thicknecs-to-radius rati. fov
the raonce of values copsidered, as it is tu the radius~ratio parameter.
As the radius-ratlo parsmeter spproeches 1, the components of displacencnt

1n the lLowest mode epproach esch other in me nitude.
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IV. SYMBOLE
Ayrhs perameters in lineer element defined by equatium ()
Dis Cis Dk coefficleats defined in eguation {28)
o3
D flexu:l ri idity of shell (D » oo
12(1 - ve)
2 Youn,'s modulus
G shear modulus
K stiffness paraseter (K = -——-——-—z:ﬁl
. 1 - v’
MMMy, regultant bending and twistin: moments in shell
Ki,8z,M10 resultsnt forces in middle surface of ashell
Ry,Hp principal radii of curvature
L radius of the ceatroid of cross section of shell
‘—y "’ -~ -
¥ displacement vector (U s Ujt) + Uty + m?)
U, ,Ug,M components of dlsplacement veotor

ajybgscyady,fy,8y Fourier cueificienis defined in eguation {2))

o thickness of shell

)

ipdsk unit veciors in direction of x,y,: coordinates
igJjsk,yn inte _ors

= mess per unit srea of the sheil (m = ph)

P affective external force per unit sres; applied

to middle surface (;- pl;c'.i + p;_-i} + q:;.)
PLoPzrd components of force vector
r position vector to point on middle surface
(rFaxi & y]+ 2k)

T radiue of cross sectiva of shell
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Wy vy
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le., 71;1725

g

distance between adjecent polints in the shell

unit vectors ln direction of 4128050 coordinates

dimensionless displacement functions defined in
equation (10)

displacement functions defined in equation (5)

dimensioniess displacement functions defined in
equaticn (<7)

rectangular coordinates

parametera in linear elesent defined by equation (G8)

paraceters defined by equation (17)

component of shearin, strain

Ercuecker deltae

coaponents of direct gtrain

coordizate nirmel to middle surface

strain tun.-tiom defined in equation (11)

freguency parsmeter G-i - Py \/g)

mass deasity of the shell material

Poisson's rutlo

curviiinesr coordinates of middle surface of shell

position vector to s point in the shell
(5’ =74+ ia

components «f direct stress

componeata of sheering stress

patural circular frequency of i gude of vibration
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V. IBIRuDIIIICH

in toe desi_n of thin einstl. ohell structures, 1u }s igporveut
Lo wre v buelr donamic and vioratlonel ihoracteristl o os well as
naelr boaG ourcyin, solilty.  The dymaaic behavior is perti. wlarly
faporteany for ulssiies ond spu.e Jelilcles gin e tney ove sulge. o Lo
o corievy of oyusml. Loedine. Yhe siructarad configurstion of
theve .viniuiao depenas on thelr ntouded ailssion bul seaernl
“hin ohells sre utlil.cd sineoe the 13 blest yoooiose stiuctaral
wei bt it cequirai.  For aanned stlellites e oon Land chell hnw
s, nuoraci.eve festuroe. The desion of sach g eatellite renuires
thecretionl methks o prr?::ii tin ohe viecrstioos . Qoracteristics
s wen) wh the citresces sae dofle tions under stobio Lotudingb.

1

s ranser of nutliors heve studied the suntic oohroicr of Lorolded
ghe. iy se.erna of She rocens investigstioas ave desoribed o
refereaces L bl we  Reporte of other investlynatime on i sliessey
el Gufloobicas L torolGel she lls are _Lied in vhese preforenose
il i roferonces ¢ oand U.

Althow h there iz cungiderable inforsstlicn on the static
Lebrvior Shere is no laformmtion on the Qyasaic behavior of tiroidal
siharlu. IL 18 uﬁe purpose of this ulssertation t prosent the repulte
uf r theor=ti al investlostion of the vibvratliooal dwmracterievi. of
toroidal shelle. The anslysls of the shell is noved on love's first
spproximation thecry for thia ghells- and tue ggqu.tibriam equaiions

for the displacemenis ure darived in terms of ortho_onai curyilinear
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swerdinshes of Lhe ajddle surfoce. Solutloos o lpese cquall.os ere
presented Tur the antursl mode ohopes in the foru of Fourler geri.es

for the tiree compoueats of displacencal. The usturnl sxodes foir Lhe
torosdnl ohell with - iroalar crosg se vion amd wiiform Lonlcknees are
shown to depend on tws shell purometers tmd the paaser uf - ouplote

du Y eB esound the torwid. Une Jf the shzil parmaeters is the ratlc 2f
tine shell tul kness Lo the radlus o the lross ge. Lishi ang the other
porueLer 18 the ratlo . the crogo-section recise U the radivs from

vise nals of symoetry o the conter o the oross se.tlon.

o
ol
[t

prerical coiculstions sre used 17 11lustrate oo neture 2
lowest ades of vibration wnd the effect of ibe shell rametors on

one witrebionel chersoteristi s o« the toroidei shell.
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vI. QOVERNIG E{ JATIONS

1. Pormulatioo of the Problem

In this gection the eguotions guverniny the vibratlon of a thin
toroidal shell of circular cross section are discussed. The middle
gurface of the shell is enersted by the revolution of a clrcle of
radiuc r with its center s @istance R from the axis of revolutlon.

v pection of the torcid with the coordinate systea used 1o define

4 point in the shell is shown in figure 1. T™huo the position of any
point in the shell may ve defined oy three coordinstes "1, 8o and ©,
where £, and ¢p specify pesition on the middle surfece and
gpe:ifies the distance from the mlddle surface amlon; the outward normal.

“he position vector t¢ & point in the shell 1s given by
- -4 _i
D(Qir’.;_;:g) = r(ﬁliig) + in 51152) (1)

—
where r is the position ve tor %o = point on the middle surface and

-y

2 ip the unit normel .eciur to Lhe middle surfece. Frou fizwe 1 1t

in seen that
- -4 - -
ra(R+rcosf,3)cos511+(E+rcong2)smglj+rungek (<)

- - - ’
wvhere 1, j, and k are the unit base vectors. The square of the line
clémnt, dae, can now be expressod in terms of the coordinetes £4, $o»

and { by the use of equations (1) and (2)
ae® = dp + ap = [R +(re7)cos g.‘]a dt32 + (r + £)? 452 + a3% ()

fram which we see that the coordimste curves forn an ortho ounal system.
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(a) Element of shell.

t1
R ¢
_’
t
P t.
3x 1) g )4
-
J
> y
R r
T -
\\

(b) Unit tangent vectors

Figure 1l.- Shell element and coordinate system.
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It the displacement vector ls written ia the fora

- -5 -

—
U a ity + Uty + Wo (%)

-3 -3
where t) snd (2 denobe the aniit tonoent veotors Lo the :i- and

Tl RPlesurves, respe-tively, Lhken the stralns c.n ve expressed in Lerms
of the coaponents of G{

The applys.s tbat foliowa is bosed on thine-shell theory according
to Leve's first appruximmtion9; gence, before writin, the streln-
Gisplacement relutions the Lesic acsuaptions of this theury will be
aslscussed.

The conventiovasl aabamptionslofor thin-sheil thecry bmaed wn sn
Lrcer=of-ma_altude consideration of the equilioriuvm eguations for

surous esaow that, in tho eiseace of woncentrated sarfece loads, Lhe

CLronsverse noraal stress, e;, aud tie transverse sheour sStresses, +l?
P4

an& Yo, are of umeiler me nitude than the norael stresses, O} s04
]
g, and the shewr stress, 7,.. Il is8 aisc assuped thut Lhe displacement

. oupebenls in equstion (+) are defined as

Uy = uplia, o) + 0 oupley, o)
Uy = Vl(fl) 52) + 5 V;(il: £.) ()
)

Womow.(x .
L 1(31: %

thust is, the dleplacements in the direction of [y and :p vary
ilnerrly through the thickness cf the shell while the noraal component
uf displacement is -onstant through the thickness ani ie defined as
the pormal displacement of the middle surface. In eddition tu the
sbove rosumptions, Love's first approxlmaticn slates vhat the shell

1s assumed to ve very thin in comperison with the minicum radius of
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cur.sture, Rp, and hence, L/Rp can Le peglected in comparlson with
unity in the eguations relatin, the displacemente and straine, and in
ihe equetions releting the stress resultants and couples Lo the com-
ponents of strain. It 1s als. assumed that noramals to ihe undeformned
middle surface remain normal to the deformed midcle surfece and suffer

no extension.

.. The utrein-Displacement Relations

In urder to write the strain-displacement relotions rasaed oo the
sbove sssumptions it is convenient o meke use of the relations glven
vy lilldebrand, Reissuer, and Thomasllfor gencerel srthe. wnal curvilinesr
coordinetes. These jeneral expresslous sre besed on the followin:

definitiocng
-3 ~p v 7 . 5
as2 = dp + dp = A1° @€+ aC dgpt ¢ at” (0)
t lth

“"l = G»l(l + ;/Rl)

by = ag(l + L/RD)

(7)

where Ry and Rz are the principle radii of curvaturc of the middle

surface and
- — e -
(2.1"'-9-5---—3-5‘ 3'2’ _‘3_3’_ . ..J.E.
3y, 9y 3, ip

(8)




The quantity n is defined by

- -9
- - 1 Odr dr
- tl X tg = “

Bi

(2)

aja, 9 9,
The @uontities in egustions (8) and (7) can be cutained in the notatlcu
of the present problem by using the expression fur £ in equation (2)

and performing: the indicated operatiops.

\
= cos Lo CO8 §q T+ cos in 8in ¢y 3'4» sin (- K
ay = R + r coe ¢,
cz =T > (10)
K+ rcos §p o
ny = @
co8 §o ce §s
Rp = r W,

&

The stress-strein relaticns for love's first approxiamation of the
toroldsl shell cen now be written usin: equaticns (%) and (10) in the
_enernl stress-strain relations given by equationc (43), {(k), end (&) 1L,
Thege substitutione give the following strain-displacemcnt and

\

curvature-displacement relations

1 &Al Vl %.1 + Vl 3 (Ui) Vl sin L‘. W COB .. \
— - +
' ‘ % ®

IR A . W R A AT

yoe2 () a2y xr 9 a9 (11)
27 St\eg) e d2\y) e dul\r/ T Sl



K, = +§-1» + s + = = % ),
LT3\ ey 35y T Ry SR TPI Py B P o1 J5,°\T

p <
K“a.}.i_(._%.zu Y.l_-)* (L3 uplp 19 “1),
ap 9ip\ «p ey Rp ey \| @1 33 R 351 Y 3;2‘5 r
19 vy
BTy
,.&;;,(. 1M, .u.>,,3.1..9__(..3.2.£'5.;,_2;_)
a3 9L\ 9" Ok oglp/  ep da\ e1® M1 wify
2 32 (w_) 1 3 *'1) cos §o O (“l 2r sin §p O {v1>
B o o cmmtmmrseiat | mws| P e e | o] — ] - " — -
551 5;1 6{2 o 1 35‘,1 r r 3;2 ) G.l" agl\r
R sin §2ful
ey \ay J

ané the expressions for the stress resultents end couples in terums of

the (isplacement couwponents For o sbell of conelunt thickuess, L
Zn Eh 3 fu r sin §,(vy N
H [ (g; + Vg,v‘.‘) w - e [t | 4
noToE e £ 1 vz{é) X) r

r Lo &2 \i’l G Vl ‘dl
—a (ﬁ ' {5@‘5(‘? ‘ (7

o §
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Byp = Uy = Gbys (1)
/
1 -v Zh r 3 (\q_) oy d fuy
- By _—) == (=
2 1= veo) Of\T r ds\a)
n

M) ® e (%) 4 VK3)
12(1 - v<)

Rh vos £n O r A [w; in ¢~ O
. * 8 42 f:‘._).._ (_>w_f___..(‘:.1=)
1

12(1 ~ v2) a1 % lk“‘

sin zofv) 1 3 fv]l 1 ¥ fiy
R s » Ve ——— —-— - e | sone
a; \T roY¥o\r r 37,¢\r

3
12(1 - v¥)

£h7 i9 (v1> 1K ("’l) s iz I fuy
= - ot~ PURR RSN +» V|- — -
{1 - v3) \r 6{2 r T 5:,22 r Gy c)'a‘.l @y

r 3 (f;) . sin *. .E_(E%) _ein gn<zéi}

("2 + Vr’.l)

s
&

’ 2 4 . A
:;1“ 3,,12 r a.l B.,a r c.l r
. h}
Myo » G —
12 = ¥ v

1 -wv Fh 1 9 /v]_) z A (""l) cos o I Aay
[ J TS . ——— - e -———— E v | ot -
2 1201 - ve) ay ’33,1\!' ay 3{’:153!;2 r r 8&2 3

Zr sln gp 9 G:% R sin tofuy
(l.la 35 1\¥ rey &1

/

Io equations (11) and (12) E is Youny's wmodulus of elasticity, G 1is

the gheer modulus of the meterisl, and v 18 Poisson's ratic.
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aﬂ &] r cos b BH
r.s_g-zmglrsingg+a,1na—}-‘3+nx]pl+ o b!n-
t &% “ b1
r ain &, cOB i~ &W!

a

%1 =2

ANy o Moo . Ady o
r -3-’;-;‘— « Hypr 8lo 55 ¢ ay .SE;_ + Njr sln fp +7rabp # -s-g; -

cy o
Mpsingps 2T e sinp w0 (150)
r "3&2
) r or sin 3o Sip
~Hjyr cos Ep - ajlize + TUq + — - .
o 3¢ 1 91y
Fryp Mo o3 Moy X
o 1 - <€ sin ‘;3 - w&‘ co8 ;;:: + .....;- 3 2{ + 11 sin ".2 +
J la‘u;_: 352 r 9% 32’2
M3y coB 3o = 0 (35¢)

e substitution of equetion (1z) into equation (15) results in
the £rllouing three equilitrium equations in leras of the three com-

ponents of displacem::..



2, 30 - 2o (. %r sln g u' - 0,2U° $ LEY p2
:I - v . Y D I‘Eﬂ-l

1l -V

‘

L3 - . ) e

cos 250U + ZLT (1 + cos TgpJut 4 1o, cos Lu - =L
” ;

ny
[ =4

rfa, 1

ain 3z Ju' -

Pev . 40 280 Le+v Do z N

—— fuy sin fp¥ + —p— To)© cos ¥t - T7 coB o+ =6
> ] l -V ‘L " . r‘::‘::‘ i h -

xu g cos fow" - —— r<aq(1 + cus esa)ul) + Py ==

1l +v T e O o
5 aydra’ 4 (1 - vIrieg© sin e - rlog€ sin 3ovt 4 ay”
rl*ca1 la=-v

i L 2] ~
A

’“}5"’" (L - cos a_"?,a)v +

5

rcu

’

Krgvn -

b3

pl

(sin 5. +

1

ks 1
bt nteC cos tov o+ o Ortwt -
T L.lv vy u.l cne feV + by W

iy

G -
(1 - cus hgg)u - 0,15 sin 2g-u' - -7;-— (1 + cos 2*—,2)u] -

. [
in :fir}u' -
[ -

(16u)

4
. . r*a . D )rfa .
r)r,l" sin oW ¢ -—é—-l sin 25V + vx'/‘a.la cos fow' + E{—-—é—;‘- sin 2iu +

1l -v

v(mf-’ cos tolt' - rcx.]_2 sin {;2&) +

I‘:"‘Ol rg(ll

5= sin zg ) ¢ o3Vt - < (1 - cos &ip)v = Tuge sia 1w’ -

2

leg coa fov + }‘%’! (“11'2&) + m12 sin gov" - v/ ein

e

~
i (1 - cos 2pp)w' = oy w''t + v(m © cop o' - T osin Eow
Cz ~l l L -

(ra,? cos epl' = rop®sin tou 4

oy

- rlau') -
1
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l - ¥V -y e ,e r—jG. 5
— (2ragw! + 2r7 ein 1ow)) + Kl po =0 {16b)
[ 2

08 Leos sk rLostg 16 8

-{r cos Lo * vcal)ﬁ 4 ( ai' R v) r sin 52" (-» o1 + 2vir cos 2
r COB £3 = & s posin .
CawW - (a + vr cos g;)v' 2 - 3 a - 1'3 e - ———~z~ig v +
- h 1© al ol
[ s ) £ » -

¢ sin "Ev""-il,v'”'-tulv'”-dhnc' cOs {,2 d -

T re T £ 51

cos 2 v cOB io sin 2:, 2 sin i\,
- Z + d)(v, - +( -~ < - & al

g d.:l r
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where uu.—é‘.' v.-—n&'w-u;, D= K‘—-—-—-—-;;,Nlﬁh
ay r r 12(1 - v2)’ 1 - v

is the thicknees of the shell. Also in equation (1{) a prime denotes
differentiation with respect to ia and a dot denotes differectiation
with respect to §;.



The equilibrium equations (1¢) cau be written in terms of

dimenscicnless quantities upon introduction of the follovin, paremelers:

L
—§~n1+accsg2

r/R B
= hfr

R
»

(17)

Rigg W ©

-;-: a2y
J

The introduction of equatiun (17) into equstion (10) end the coa-

vinin,. of iike terms of u, v, and w gives

- - h *
i=-vys = o, 20
~ %{[ﬁﬂc‘: coa an-%(locoshz)-g—*—-—(l«r,os gzz)}uc'

*

: L 2 1 ()

o 2| phe .. -
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- v 7 |[pce . . e
= "fé[ 5 (1 + cos dﬂd)]}u - ~—-;,-—- $7e® sin o+

L&) [‘ r
7‘- (% - [ l + 1 4 « 3 y
-;[—‘-_;— zin cge]}v + p {320.3 + %‘:3302 cos §;:J}v' +
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- n - h
{ss“ms ge}v"-ﬁ p2 zos 52}\.'4»8320' pp = C (18a)

L=V - %o
{- (3?8 sin z) - 1-Vv7? [B: (ein 5p + sin “3.) +
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o 2 2
sin 7t ) + ﬂ‘o.2 8in 285 - VBo.3 sin g%}w' + {%[ﬁaz’ Co8 o ¢+ Ei;-— (1 -

. L " 2 'TY] 2 s
cos 23,) + vfa’ cos 5-2:'}“ + {% (2pa3 ein §2} W' . {ﬁ u."’}v +
z " 2 nE
{."é[.za“(l - cos 23p) = (3 + v)pa cos gé]} W - {Iié (p u"% v -
{Zf[mjasmgzj}ﬁ'-{f-gp“3+mqao (18¢)
12 12 'Y
In urder 40 obtaln equations (18) in the present form from

cquations (16) use wves made of the mssumptica 1 + < =~ 1 which is

besic in Love's first approximstion.

L. The Bguilibriug Eguatiops for the Vibration Torcidal She
For the vibrations of the chell, equations (18) cean be used

directly if the external force term given by equation (13) is writtem

in terms of the inertie forces. The three components of the inertis

force are
u Pu )
e St
R 3
pz--.m.a_t.;l..msé f (290)
%a“‘vl Waew
4 a2 i )

vhere u is the mase density of the shell uwaterial.



In order to obtain the natural modes of vicretion, it is
sufficient to sssume that the siructure is vibreting in simple
harmonic motion in euch of the natursl wodes. Then gsceelerations
Lrn be written in terme of the uisplecements and tie sguare of the
n.tursl circular frequency, ®. The inertia for.e ~cmponents in

equubicns {17a) become

e
p; © W plux

oo wsPphr (19m)
q = woSubr
The equilibrium equati.ons for the vibrations of the thin toroidsl

Lhell of comstant thickoess ave (lven by equetions (10) with the three

force components expresced in terms of the lnertlos Dy cquations {(1Jb).



VII. ARALYTICAL SQLUTICHS

i. 'The Prouvlem Defined

In tiis section the particular protlem vo be solved 1s @ef lued.
The toroidzl shell ls conslidered to be s complete torus that i uusup-
poried (i.e., 18 in the "frec-free’ condition) and is vibratin, in
sacuum vith no pressure differeatisl across the sheil throu hout the
torus. The dimensions of the sheil structure sre teken Lo ve con-
sisteat with the sssumptions of thin-shell theory ocnd Love's flrst
asgproximetion as expressed ln caupter VI. The ratio of the minimm
~sdiue of curvature to the thickness of the shell, ﬁ = %, is considered
to be creater than 100 and the ratic % = 8 48 considered to lie in
the ranse O < B <1 in such o wvay that r alweys rem:i~. “lnile and
sompetible with the restriction .a 7.

The provlea of determinln; the analytical expressions for the
a.des end frequencies for the free-free vibration ¢f the toroidsl
chell es defined avcve 1o the sunject ¢f this chupter. For thece
sulutlons the coly restrictions on the dicplecenents are that they
ve coatinuous functions of &, ead &g, since the shell is assumed

e e countinuous, closed, wki unsupported.

¢. The Limiting Case of ap Infinitely Long Circular Cylinder
The torus shell defined in chapter VI can be shown to limit to

an infinitely long circular cyilader as the radius R becomes very
lerge. Hence it is reasonable 1o expect that the equiliorium
equations (18) should limit %o the well known equstions for e
circular cylinder uccordin. to Love': firet approximetion’. In the

limiting, process the Ilndependent vaclieble, ig reneins unchan.ed but
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the variable A tends toward the long litudinel courdinste x apnd

the following relatioas hold
Rod7) = R(1 + B cos gp)dey = dx (20)

where it is seen thet x depends on both 3§ and tne The behavior
of the various terms in cquations (18) as R — e can be expressed as

followe:

lim . 1a 3 fa)) Ny iim U p ltm o O [uy 2 uy®
3—»-“"":3—»@?2("’)"’“’3""%«-;“ "eo PSS

Q

1im iiz

i

Keres = ™ o1+ Bcos) el

, 3J '
e Ua --—(f‘i) - tp =0 (<1)

R -390 B-)Q afx’z (1 r:.xi)

with elallar expresoicns for the other terms In equetions (13). Thus,

if the berés 1n equations (15} that contein derlvatives with respect to
i3 ere maltiplled aud divided by a in accordsnce with equations (=1)
end the limit taken as § -3, then the following eguilibrium equations

for the circular cylinder are ootained:




- é;“_) -

duy  dvy W) ne/ At wp & 3t wy A Wy 13> vy ‘
R e L. 3 — t =TIt T3 | 4 ] - —— + (22)
Ax roy r 12 3 r x“XF 12 MY 12\r e O

These oguatione csn be obtalaed directly for the cir.uisr cylinder froa
the relations iven for love's first approximeti;u by lilidebrand,
Reissnar, and Thomasl. It may ve noted that the next to the last
bending term imvolving vy in the third equation of equation (:£2)

ig aut the vame os 1ln the expressions usually (lven for this get of
equaticns. (Sea Timoshenkd?, page 44G.) A similsr situsiion wes

found to exist for -irculur cylinders by Pamg” and it was shown thut

the effe.t on numericsl results is nopliglole.

4, Small Rigid-Body Motioi

It is well known that love's first approximation theory contains
en inconsistency in that, except for the special case of exisymmetri.
luading of shells of revolution, the strains do not vanish for small
ri;, 1d=-body mation.. This inconslstency of Love's theury lu discussed
in & recent paper by Sanderéﬁ} For the present problem the appureat
struins that result from rlgid-body moticas of the torcidel shell are
illustrated by the following examples:

(a) Unit displacement parailel to axis of symaetry.- The dis—
pisccment vector of a point on the middle surface of the shell is

siven by

-9 iy
U=k
- - (23e)
= cos tote ¢ sin it n



-2 -
For this displacement the strains ziven vy equations {(11) beconme
il“&la-ylz.xllxa-‘r-o (’d}b)

(b) Unit displecement normal to axis _of symmetry.- The displace-

ment vector of a point on the uiddle surface of the ghell due to a

unit displacewent in the x-direction is glven by

- -y
U =1
- ~ - (24e)
= ~3in 3t} - cos i3 sin oty + coc Ty cod Lo B
The apparent straing due o their displacement src
Gy ® iy B Fop = Ky m Ky = G
1l 2 12 1 i
(2kv)

Rfcy - .
T = sin 3 sia
r a3 -

{c) Unit rotation sbout exis of symmetry.- For this motion the

displacement vector for a polat -n the middle surfice i

- - -
U = -a) sin §11 ¢ a3 co8 i3] (2oa)

-3
= mbh
snd the strains given by equations (11) for this motion are

SRR TR Bl

R sin }, (25v)

T B =
ray

(d) Unit rotation about an axis normsl to axls of symaeltry.- ir

the rigid body rotation is taken as a rotation ebout the x-axis, then
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the vector displacement of a point on the middle surface of the shell

i oiven Uy
~ - [y
U= -r sin £pj + a3 sin £3k

- - f«6ua)
= -r gin £, cos i)ty + (r + 8 cos £,) 8in %, + R eln g ela ¢.n

The apparent strains resultin: from thic displacement are yiven by

tymip=rp =K wK =0
(26b)

]
€ B e e COS8 i cO8 &

4. Development of the solution

The sguilibrium equations with the inertia force terms from
equations (19b) can te uncoupled and reduced to ordinary differeatial
cquations in the single varisble ¢ and & wvave number perometer
along the len:th of the torus. This uncouplling can be azcomplished
oy writing

coB B £

sin n ¢ nwl1,2,3,..0 (27)
eln n g,

<
[ ]
Liels |

where ;, 37, snd v are functions of 2 only end n repreaeﬁts the
number of complete waves in the :p direction. If equations (27) are
substituted into equation {18) with equations (1/b) teken into eccouat,

the equilibrium equations tuke the form

l‘2 &
let 52"-—%—: l+72-l,andgc-;
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- 8 -
— —— 1 - N bl - S yone 14 ~ >
BiU + Bpl' + BrU + BLV + Buv' 4+ DB + Byt 4 Dge” = o (8a)
where
—r R N oo T - Zj P 1/‘) 1‘L9::o ~
AN 202 0 LAY T | S et “{(1 + cos 21) -
Blzha,-nﬂ +'~'"§—"12bv cO8 4 3 T - ( cn')

;‘j altu(l - cos 4z)

o

T l-w ¥ . N - 1 . & - - T & 5 3
Ly, B = e ,5‘.3:1)" gin : + %— T H.4(sin & + 8in 1) + pe? sin 22
- < e
B @ 2o c)-ﬁz—ai;}i’uf‘(l-rcas?é)
L3 2 1|2 i
, 2
-~ ) - W - _ 7°n 1 & ,
By & = m— m-’u‘am*;+~i~;}-3aasinéﬁ,
[ 4 [
F +¥v | o= 'n[; - ']
i = - A 9} L 3 A Sk H
j’) o ij < 12 hd >
7')3 1 ¥
Rl =" e a8 D
oy, = B(,G/u,‘ cos8 + viu ) + ’—i‘;; ucprs con f - '-—-—-‘-:‘—- oGy 4+ COR c._,)

- - — — e - - o R,
Cyju + Cou' + Cav o+ Ciyv' + gV Cow + C7v’ + Cg cw' = ¢ (cBo)
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where
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i e M "VA‘_ 32
¢y = -(L - v)np o siu : +?i-‘l[l Y pu gin - 2 pée sin 2gJ

ol
&

2 &

Cp o= -%‘!{mi*%@f cos g]}
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1 * y n‘?i}zu - V< cos b

[
£a

Cx - Ao - i’- peafL - cos 23) -
[

Cl = ~Bu® sin :

<2
\J
)
o
ot

- e,
Ce = =B sin x + % %0 sin 25 + {F (28-n" Biu )

“~y -

> N “ 4 = . )

Coom ol + vaal cos ¢ + %:E— Bl - cos 25) + S‘u‘u:l
| &

Z
Gy = = Z—: a’
’ e

Dlﬁ + DQE' + D;ﬁ" + Dh;; + va?' + Ds?“ + D,"J"‘ + D$TE + I}:)";;' + umi“ +

Dll:;”' + Dm';nn -0

(282)
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Dla = o- iz [+ 5

The cquations (<8) are cecn to ve linear differentlul equations
«ith variasplie . ceffi.ients. In these equations the displacement

fun.tions u, v, snd w muct be .ontimucus functions of ¢, and

Z
the slope of the middle surface of the shell mnst zlso be continuous.
Thervfore the displacement functicns and thelr derivatl.es mast be
.ontinuous, paricdic fun.tions of ¢, with perisi &x in order tu
satisfy the comdltioas on the provlem under coneslderation. Even with
tuis information it seems highly ilmprobable that generali soluticns to
cquations (28) can be nitained. However, the displuscemcnt functlons
zatisfyin; equations (£3) could be expected te be expressavle in terms

-f Pourier series. let

— 2‘ ao
o= (&1 cos L£o ¢ by sin 1&2) +
) 4
1=l
ol
- - C
ve Y (cjcostip+ d; sin 1:2) + 7? (9)
sal
-
- o fo
w= 3 (f5 cos 15p ¢ yy 8in 43p) + 5

1%)



vhere the coefficlents @y, by, ugs di’ Sy 811 Bpr Cos 8N4 f, are to be
Getermined to sstisfy the equiliorium egquutionc and the oanditivne on
the diuplacement functlons mentioned sbzve. The substituticn of

squations (2)) inte equaticns (u8) ives

&, - '
By —::’-1 + (Blai + 3.1ib; - Brj’i"&l) so8 1 p + . (B.Lbi = Boing -

r “o3
B;i‘bi) sin i, + By ?¥ + ., (Byey + Bpidi) cos i~ ¢+ (B4 -

Ve . -
i b
f,\ o 2 .
B,0u;) sin Lp + By 2+ 5 (Bf; + Byig - Bglffy) cos L, +
.
(50; - Bpify - Bgiig) sin i _ = ¢ (50a)
£1 ;; + . (Cmp + Cotby) cos 2 op o+ ) (Cyog = Cpoing) oin L ogp +
< L{; ) f»r
. C‘) .‘ . . P 2 . v A 4
v ‘Z::’ L ‘jl(\a’jci 4+ (o“x-di - v:)i ‘i;i) fudet i(.“ ‘*'/‘.(V‘T}Qi - \.4“.: i -
- o
. . . f() } " »
Co1 ¢;) sin dgp + Cg "y + (bei + Cyly; - Cgasfy - L)lf¢i) cos 1in +
s (Coy = Opify - Catl; + Cy17f ) sin 1 = O (30p)

i
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av i ) *
Dy >+ Y (Dyag + Dpiby - D;iaai) c08 130 + ) (Dyog - Dptay -

2 - 2 5.
Dsd Ly} sin 1o + ukz; + ‘l(Dh”i + Diidi - D;lfcy - n7i’d1) con i, +
i
'f‘( : | 484, + Dolouy) 1 D T ‘;ﬂ(a £+ D.iy |
“4': D}+di - D)lci - Di_)i 3 + &-T‘L‘Li sin e + 3} ..2.. + :,.} of ) + 5isg -
i ' i

<y

D_}Qi‘fi - Dll.i}"i + Dlil ‘fi) OB 1'.,2 + '(D&‘l - D:'ifi - chigéi +

i

g 1
Dy 1°F) + Dypitey) 8in g, = € (30¢)

‘hus the dlfferentinl equations (28) have Leen reduced to o set of
equations ln terms of the variablea sin 1:p and w03 1;5. These
egquations are seen to be nualinecr in ithese variavles since the
coefficients defined in equatione (23), that is, the B 's, Cx's, and
vhe D 's, contain powers of the irigonometrlic functions. The form of
equotions (30) makes it sll but impossivle Lo solve for the coefficients
ujs Uy vy G4 £y, and 3 dlrectly; however, 1t would be expected
thet the nature of the soluticn would change but very little around the
torus, that is, os ¢p varies from © to 2x. Thus the equatiovus (30)
can be satisfied on the averpnge and the solutiovn be suffl lently
accurate to defipne the btesic character of the vibratlog torue. The

sclution thet followe ls buue? on the well-Xnown Galerkin msethod.
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If the equations () are mmitiplied in turn by sin Jip mnd by
cos ;o and integreted over the intervel ¢ <3, = =%t then six

equatlions will Le oblained whioh are writien as

3

j b (Bya; - B;1%a, + Bid; + Bofy - Bgi®f,) cos i, cos J., dun +
(9] e
i
2x - e
" ; (<Bplay + Bydg - Bify) ain 153 vos Jiy dup + = (B1a, +
Jo . T
B£1) wod Jip dip = O (51a)
- 1 o
) (Boiby + Buc; + Bl g) cov g eln J.p é.p + 3 J Bue_ sin Ji- dip 4
’lo T “ Jo
21 -
J Z.;(Blbl - B5i%; - B,Lop + Biog - Bai®eg) sin L5 sia jup dup = 0O
o
' (310)
2x - ) |
J 7 (Coibg + Creg = Coifeq + Cpigy - Coilup) <08 Lip cos Jip dip +
o ]
i
2 -
1 2n

; (Cyp com JipMip +<j ) (Caby = Cutey + Cotng =
1o ‘e

(&)

Cpi¥s;) sin 15 cos Jup din = O (31c)



2x -

j ; ( 184 + Chidg + Cofy - Cgiffy) cos iz sin Jig &L ¢
[+] 1 .

: 2% 20 -

& J (Cim0 + Cifo) Bin jip ¢z *] ) (=Czlag + Cidyq = C3178y -

R RV o i

Cylfy + C,100,) 8in ifp 8in Jup dip = 0 (51a)
20 -

j L(Dlai - %iaﬁi + D&)ldi - D?i‘jdi + D‘afi - Dlﬁ‘izfi +
° 71
1hf ) cos 1y, co8 Jig + (-D iay + Dyd; = D, 1Qd
le’ i 52 Le _,2 j . {

2%
DyAf; + Dyyiify) ein dip cos Jop dip +% j (Diag + Dgfo) cos Jip dip = O
o
(31e)

ib; + Dycy - Dbi"ci + b}iui - Dui)f;,i) cos 43 ain j,p dip +

o L%

Z‘(lei * D}izbi - Dr)‘ici + D715c1 + Dgy - Dl»f)ig,,i .

2x
Dypttsy) sin 15p sin Jup dip ¢ %jo Dyc, sin Ju, d.p = O (31f)
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In order to outaln equations (31) from equations (350), the powers
and products of the trigoncmetric terms in the coefficients By, Cy» and
Dy were first removed by the use of the relations for the inteyral puwers
of sine and coslbe such as given la section 3.180 of Adnms7, and then

uee vas made of the exprescions

2«
/ sin ki cos 4 cos Jp 4 = O A
(%)
1t j|#k
Aa ‘
j cog ki cos iy sin j; d; = © (32)
o
_ax
j sin k¢ oin i, 8in j; 41 = O Y,
o

for all integral velues of 41, J, and K.

By using the relation

2%
‘/ coB ki co® i} co8 Jy G, =0, L+ JFKk, L~ 3 Ffk and J-igk
L]

=8 14 ymk ori- =k, orj-1=k
&

(35a)

‘21 -\

j sin ki cos 1} sin ji &4 = O, L + JFk, 1 - J K @nd ) -1 4k
Q

~Z, 145X or j-lwk }

J

==, 1-ymk (330)



Py’
! coo ki siu i Bin J: & = 3, L+ S FE, D~ ) Fk g3 FK
)
LIRS NI
=% t-jaekyor Jo1=k (53c)
s

| sin Ke pdn s 205 J2 di =0y 1+ jJF Ky 1 - ) FR, amd §-ipk

'ﬂg,ii‘j,ﬂr - =k b
“-% i-t=k (330)

ti¢ intenrals and the swometions in eguation (31) can b reacved aod
190 pets of glcevraic eguaticns cbteined. (ue set will contein five
vquetivas in the five uuknovne ag, dy, Ty , Moy and £, end the Cthey
cot in the four upknowns is Sgr kir OW upe Shus, AU 1a been [IVEERT, =
sidering equaticns {&9) thet tie vidbretery motion is cheracterized by no
Gistinut parts which cen be referred to as “oywartrical” ana
‘antisyauetricsl  parts with respect o 25, using a dlaplacencatb
&8s reference. Thai is, the @otlon in .!;he 3y directitn hes & cymmle
vical or satlsymwetrical Jdistrivution with respect tu  {e.

The inteycatiore of eguaticus (31) usin; ibhe results of eguations (53)

Jead to the follining equatione for the voefficlente &, d4, snd £

in the gymsetrical cusey
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The vibration of the torcidnl shell is completely defined by
equetions (34) and (36) within the limits imposed by thin shell theory
and Love's first approximation. It is seen that these squations are

dependent on three parameters; two of the parameters, § and 7, depend
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ca the geometry of the shell end the third parameter, n, depends

cn the number of complete waves in the 'y Gire.tiocm.



VIII. AMERICAL EXAMPLESC

1. 8:ucpe of Zalculations

Althouzh the natural mode shezpes and frequencies are defined
vy equatione (27), (27), (34), and (36), very little imsi Lt w5 to
the nsture uf the motion in each mode can ve gained uy direct
examination of these equetions. In this se:tion the results of
nunorical celculstions oye precented for several vmlues of the
peraneters B amd y with n = 1 and these resulis ore used to
show graphically the nsiare of the lowest mode of viuration of tue
toroldal shell. Theee culiulated resulte are lutemded o iilusirate
the mature of the vibratlons anmd do not laoclude ell peralosivle values
of tuite shell psrameters, unor ace the resulte intendsd Lo cover all
posslivie sheil conflgorations or modes of vibratlon.

e cqustions (34) for the gymmetrical vibraticns were used for
tire coleulntlions of the numerical examples. Sclutings Lo these
caellons were wotained b, use of the I TD4 computer al tie langley
Regearch Center of the Haticonal Acronautics and fpace Administration.
At toe tlime the computer was siallable 1t wae somewnat Limited in
sturage capacliy due, lu pardt, to a change over in eguipment and
relocetion of the facilities. The nature of eguaiions (34) with the
frequency parsmeter appearling in off-diagonal elemeats doos not permit
the use of many stendsrd technigues for determiniy, the zsots of the
frequency equatioa by digital computers so theb o wajur feciur Lo bo

songidered ia setiin, up the provlem was the lar cet determinant that



could de experoted to glve subisfuclory resulte usin: single precision
A eight digite plug i u snd decianl point.  In viev of $he ¢oneides-
stions uwentioned sbo.e, aquatione {(78) vere (Luitew vo U siscdbancuas
alrevrale egquetlions for the unknovn coeffiolenis of the fivst 10 berau

of cach of the sexies for T, 7, und ¥ (a eguations (o).

¢+ Calvuluted Resultis

Lowutions were obteined for the lowest Lhree modee of Jibration
«f the torcidal sheil fur 8 = 0.1, 0.3, and U.5 and for 7 = $.010,
U.E‘M;&,vmxd LeL.  Calculeted values of the 30 serles coeffi iente for
the firsi two mdes of viuvrations ere presented in table Ll.throu_h %
along with the currespondling veiues of the frequen.y paremeters. “She
reyuency persmeters for the lowest three modee are shown ia tesle o
wngre the effect Of the shelil puraweters B and 7 on the Prequendies
i illustrated. The series .oefficients in part (a) of tebles 1 throw k
J have wewn used to calculnte the displacenante Uy, vy, and Wy
<orrespondirg; Lo the lowest wode Of vibradtivn shd the rosulis are
showa 1o fi ures 2 thruu h 6. In these flgures the dispin.emenis erc
wivea in the fort of ul/“’-cnx’ vi/vy .0 and u;j'hLm; the retic
of the waximmua value of vy and w; to the mexium value of uy Lz

sheam also.

o Dis.ussion of Cal.ulated Recvalis

Sxominnbion of the nuneri. el colues of e aseries coeffi-ieats
£y lanics 1 threagh 9 shovs et W Leras f the weries £ cach

cisplecement nre oot sufficieny o lnsure sdeoqunte .cow.or ence £ thwe



TABLE .. SERIeS COEFFICIENTS FOR § = C.1 AND 5y = 0.0

(ALl cocffivients normmlized to vy = 1)

(a) Pirsv mode, Ay = ©.00653408

. .5 4 £

¢ 1.000000 [+) ¢.53%01
1 -C. STOUCH 1.07906 1.1578
2 . 348153 $1.68810 -105.5288
3 -. 174878 ~31.T9138 420857
4 0906334 32,5057 “1%0. 701
5 005200 T.4181y =34,0064
6 - . 010266 =45. 21754 31,6750
1 .G010Th «.31669 1.7880
8 L0002k 26357 -2,1050
Y - . Q00056 -.001%8 Ob27

(b) Second mode, Ap = 0.G09T1IOD

0 1. 000000 ) 0.8353
1 -0.191467 2.0809 -~ Thé2
3 .. 01256 ~51.2%002 iS58.5TLT
i 185844 48,2411 «159. 461
5 -.10887y ~bly  O4T53 222.2925
G - QUOLTL «8.08355 45,9840
i -Q0T6GT 4.59862 -32.022h
0 - 000938 CAPRLL «1.08C1
7 - 00003 « 16350 1.4313




TABLE 2.
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SERIBS COEFFICINNTS FOR 2 » 0.3 AND 7y = 0.01

(A1l coefficients normslized to B8y » 1)

(a) Piret mode, Ay = 0.0357360

0 1.000000 0 0. 73406
1 -0.732288 «. 593176 LO%495
2 . 606546 5.887%020 «lz. 17018
5 . 229336 -2.463%8 T.81600
b .032387 « 190637 - 73485
5 053576 1.2403%00 -G UOTLY
6 - ‘Q&”” *.TQ”ls E‘l‘)nl“
7 002708 - 287753 1.89073
8 003408 99115 -2.1189%
9 - 001154 050655 -.03536
(v) Second mode, Ag = 0.08908

J a5 a4 fJ

¢] 3. 000000 C.TT9%0
1 -0. 2480 -0 L0535 53158
2 658085 5. 5206667 -11.60001
5 - 29“1“8 "5 ”m 11-05"#27
1Y . 066846 581751 -R.50933
p) 026884 Goh8%T «5. 10986
& -.031813 «1.160867 7. 28503
7 «C0B6T8 ~.051118 »15954
8 008333 . SOMTBT -2 88757
} -~ 001566 .015078 - omﬁ




TABLE 3. SERIES CONFFICIRNTS FOR 8 = 0.5 AND y = .01
(ALl coefficients normelized to ag = 1)

(a) First mode, Ay » 0.0972017

J a; 4 3
0 1.000000 0 0.45T151
1 «1.0956887 -. 485019 L245327h
2 om’92 l' 356#50 ‘2 .8785%
g - JR3T5T - T34418 2.295555
-01&59 '001%73 om
b 014909 UITRT -1.80k583
& -.018347 - 138993 2795210
7 .002670 -.ll“}'fa .7617"0
8 008336 093063 -. 4335162
9 -.001071 028748 -~ 218107
{b) Becond wode, Az = 0.0817285
J ny d; 2y
0 1.,000000 ¢] , 0.528608
l ‘l. m - OW . lh?%g
2 0.87338¢ 1.211924 -2.528027
3 - k8396 -.121348 3.786317
4 163714 +199542 - 319375
) - 009689 267578 -1.k267T0
6 -OW - m% 1-9"}2&}3
7 014712 -.003582 - . 059009
8 - n%?’ olMﬁ "10112155
9 - . 000902 .017886 - 200245




TARLE 4. SERISE CURFFICIENTS FOR B = 0.1 AND 7 = 0.009

(AL} coefficients normalived to e, = 1)

(a) Pirst mode, Ay = 0.00500112

J L3 a‘} fj

5) 1. 000000 0 0.881y
1 ~0. 334829 95725 2.0712
2 395582 66.510%4 ~134. 2790
% - 109320 «17.00030 5%, 4088
4 JOROUE0 14.51k7h =57.:4308
9 - 0018'{% 80 18315 ‘bl . 7?77
O - 0Ph5TY «13.05021 T 4431
1 001167 =1.. 20906 7.7178
8 003221 2.57021 ~20.6188
9 - 000508 <0604 -.3182

(b) Second mode, Ay = 0.00393213

4] 1.000000 o) 09239
1 «C. 322718 1.121%) L3675
2 LB33435 9. 05885 -151. Shii
3 -. 255880 ~56.87731 17%.8010
I 036429 22. %268 ~92.8755
P -.031252 =15. 36049 154

7 018588 7. TH16) Gy 3420
8 001618 3.%5%%12 -2%5.9762
9 -, 00171k -1.30183 12.0109




. Th -

TASLR 5. CHRIES CONFPICIEHTS POR P » 0.1 AND 9 = 0.001
(A1l coefficlents norumlized 1o ey « 1)

(a) First mcde, A} = 0.00352047

o 1.000000 o 0. 9671
i «0.370T761 V7530 3.070%
2 . 388086 77 84000 « 154 T
3 O3 13.850:% 42,3842
N - 00T -5 02042 100.,2760
5 0064 38 -3,86080 16,9099
6 -.011868 -2.48151 55,7327
7 - 0lis1lls -7.80273 55,9138
8 0171068 13.33750 «106. %9509
9 LOUL3TC 6.81181 o N 5
(b) Second m‘ Xg = 0-%3795&
o] 1.00GO00 ) 0.9638
1 0. 390054 68014 2.56139
2 482307 T3.532351 «15G . 3405
3 -, 176414 ~4y.03286 146,204
h - 062473 -28. 76026 11,6836
5 - GhO936 11.15373 -98. 7432
6 « 031579 ~13.20i21 1.8%14
1 011335 10.16536 -0 b2l
% -.011438 o, B2hbS 850.0h2h




TABLE 6.
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PREQUENCY PARAMETER

(o) Effect of B on frequetcy perameter, y = 0,01

B =0.1 p = 0.3 8 = 0.5
M 0.0065h 0.03%60 0.0572
Ap 00578 JOk10 0817
As 01552 0514 0923

(u) Bffect of 7 on frequency paremeter, p = C.1

7 = 0.001 7 = 0.0Q05 y = 0,03
AL 0.00352 0.00%00 0.0065k
Ag -00360 00598 00478
13 +00303 L00TTO QL1552
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dispiacenenis. The displacement values shown in £o,0es 2 Uhrouw b o
elos indlcave thatl conver cnce .8 nod ns coupleto o decired Pop n

prue desoription of the mode shope; however, the modes in vhelr

vreseat form provide o copeldersvle cmountl of iRforwstiun un the
Bebnvive wf the vibrating sbeil. Flourec ¢ uvou i b show the «ffooi
of increasing the thickness of the shell througl lnereasin., vuelucs of

y witit (he radius ratio, f, held constant. The sesults aleo Imxlionge
thot, for ressoaable .onvergence, more terms of each series (especielly
for vy end "l) are required for very thin shells (sasll values of 7)
than for vulues of 7y near 3.CL.

The effect of increasin: the value of the redius ratio, 5, is
shown in figures & through .. Examinstion of these {ijures as weil
ae the series coefficlents salso shows that -onver, cnce 1o aut 68 o4
£ larqer values of B as for § = 0.1,

It 15 of interest to note that the relati.e megnitudes of the
digsplacements for each cave gresented is chenpud ver;y llovie widh
relotlvely lar.e chaoges ln the values of 7. The ctfect of §
the relative magsnitudes of displacements 13 seen o be quite different.
As P iacreases, the displacemenis Le.ome morce nearly the same 1o
and  v;

me_nitude with having nearly equei values £or

1l aax nox

3 = 7.9 vheress the value of iz elght times as lerpe as

Viaex
Ul for £ = 0.1, |
Ao 8 check on the converpgence of the frequency persmeter, the

caleulations wvere repeated using eiht terms of each series and using

wlue teruws of emch series. The results of theve cal.ulations sre
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vompnred with the results uslng ten terms end Lhis comparison is
precented In table 7. Prom this result it is seen st Lhe sexisun
difference betwecn the freguency parameters for o Siven wde s less
than 10.) pervent. This differcoce oucurs for the third mode with
B=03 and ¥ = 3.01 when the results for elcht terme are cousared
with the results for ten terms. For this ssae mode Lhe diffeircace

is only & percent when the resulte for nine terns are cowpared with
the results for ten terms. Increasin; the number of terms in each
perics from nine to ten effecta the values of the frequency purameter
Ly less then ©.5 perceat for the nine coges presented in talle 7.
Cinveryence of the frequency porameter for the qage with 3 = 0.1 ang
7 = 0.01 shown In tasle T(a) ie very good since the difference showa
in the lest .olumn is 1 percent or less for el three nodes.

The numerical results presented herein have provided information
on the effects of the shell permmeters p and 7y un the frequency
puremetors for the lowest three modes and the wode shupes for the
lovest mode of vibration for the toroidel shell. The results also
show ibat a large number of terms of the series o1 each displacement
i required before the wode's shapes ore known accuretely.  As would
ve oxpected, the converyence for frequency paramecters vas found to be

much better than convericace for mode shape.
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TABLE 7. CONVERGENCE OF FREQUENCY PARAMEIER
(.) $ »0.1, 7= 2.C1
Percant difference tetvween
8 tarus | Y terms | 10 terms
8 and 10 terms | 5 and 10 terms
h& -mw u‘me .00‘:3731 lt} oh
A5 LCLH1EY | 019506 | 01552« 2.3 1.0
(vb) B8 =0.3, y =0.0}
Percent difforonce between
8 teras | 4 terms | 10 terms
8 and 10 terms | ¥ and 10 termas
Ap | 0.03%61 | 0.03%80 | 0.03596 6.5 %.2
Ap| .OMISL | LOBLLG | .OMOYI 1.3 G
)\3 LOO6T1 LOky33 .091k% 10.% L,0
{(c) B8 =0.3 7y =0.01
Percent difference between
B terme | ) terms | 1O terms |
8 and 10 terms | ) and 10 terms
AL | 0.06140 |0.06071 | 0.05T20 7.3 €.1
Ay | .08300 | .0Bk25 | .0BAT3 4.0 3.1
Ay | <19939 | .00k | 09234 1.3 2.4
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IX. COMCLUDING REIARKS

In thio dissertution o onersnl stlution has ween dovel ped for
Lthe deteruinatiom of the modes and frequen les of ioration for
cowge ittt Woroiess shells o8 uniform thl Xness nnu clroudny (ross
s viun.  The golublon 1o onced un love's Plrst approxlaatios thooy
for uhia sticlls. ke sotution is woleined i ihe forma of Fourier
series for the tirce dioplocaments uy, .1, sk Wy ad (L wes
Pourdl that ihe vibralions eire cepeasdent on Lhuree ghell puranolors
e 7y unG n where p o ls the rutio of the radius L the .ruus
cocblon 1o the radius froa the wxle of rewolution b ibe ener of
L crose sectlon, ¥y o Le the rsilo of the shell thiokneds o thoe
ruiun of Uhe craes oeolion, oid o is bhe guaber of o wpleto wo.oyn
nesud the vovus. Althou b the soiution has Lecn osbnined for Uw
shietl Wivh constuat thlikaess, the method 1s ooffl - lenlly _enerel
tinl 3t may be spplied to tovroidal shells with serinsae Jiickoess.

e eguilivrien equotions £ tie WOroides oiwil Jwbs ned in
this suady ere redacible o the equilivriaa equatioas fur the
civowdar oplinder (tver by Loe's firel approxisscion.  This redu.llioum
ls = .uompllished Ly letting, £ approseh wero in guoh & vey Wit e
dretance from the axiu of re oiudion Lo the cenier f e (rose
seativn s b iafinliy.

o eneral golubtlon hes veen used to tubtulnh seri.gd resalis
Tor Lhe freguenyy parameteor sad bthe corrvesponding made i terws of
the dispiocewents ob res.nunce for free vioratione. Thewe -slioalated
resuits ore wsed to sicw the effects of iy perasesers 0 wwd y o on

1L sobwered sibrations of e Loroades s8lacll.
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